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Abstract
This paper presents an adaptive strategy for phase-field simulations with transition to fracture. The
phase-field equations are solved only in small subdomains around crack tips to determine propagation,
while an XFEM discretization is used in the rest of the domain to represent sharp cracks, enabling to
use a coarser discretization and therefore reducing the computational cost. Crack-tip subdomains move
as cracks propagate in a fully automatic process. The same computational mesh is used during all the
simulation, with an h-refined approximation in the elements in the crack-tip subdomains. Continuity
of the displacement between the refined subdomains and the XFEM region is imposed in weak form
via Nitsche’s method. The robustness of the strategy is shown for some numerical examples in 2D and
3D, including branching and coalescence tests.
Keywords: Phase-field modeling · Brittle fracture · Crack propagation · Continuous-discontinuous
models · Adaptive refinement · Nitsche’s method · XFEM
1 Introduction
Typical approaches to model brittle or quasi-brittle fracture can be classified in discontinuous and con-
tinuous models, depending on the way cracks are described.
In discontinuous models, cracks are represented as discontinuities in the displacement field (sharp
cracks), embedded in an elastic bulk. Specific mechanical criteria – typically based on linear elastic
fracture mechanics (LEFM) concepts and based on crack-tip information – are needed to model crack
inception, propagation and branching. A source of difficulty is the singularity of the strain and stress
fields in classical linear elasticity at crack tips. For this reason, stress intensity factors (SIF) are often
used [19].
From a computational viewpoint, two different strategies may be used to describe the displacement
jump associated to a sharp discontinuity: node and edge duplication, in the spirit of the original cohesive
zone model (CZM), see [24], or the extended finite element method (XFEM) and related techniques,
where the crack path is not constrained to follow element edges and therefore remeshing is avoided [2, 20].
Together with a certain mesh-dependence of the crack path (for CZM) or geometrical complexity (for
XFEM), discontinuous models offer various advantages, namely: i) the explicit representation of the
crack facilitates the modeling of crack-surface physics; ii) the sharp discontinuity avoids any spurious
interaction between the two faces of the crack; iii) coarse discretizations may be used in the wake of the
crack tip.
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Continuous models, usually phase-field or gradient-damage models, assume continuous displacement
fields and represent cracks as damaged regions that have lost their load-carrying capacity (diffuse cracks).
Information on the evolution of cracks is incorporated into the field equations; initiation, propagation,
branching and coalescence of cracks are automatically handled by the model.
The main drawback of these models is their high computational cost. Very fine meshes are needed
to capture narrow damage bands that resemble sharp cracks. For cases in which the crack path is not
known a priori, one may use an adaptive strategy to automatically refine the discretization [23, 22, 21, 8].
Continuous models do not explicitly identify a crack surface within damage bands and spurious interaction
remains between physically separated parts. Several works adressing this issue have been presented which
combine continuous and discontinuous approaches [29, 7].
In continuous-discontinuous models both sharp and diffuse representations of cracks are overlapped.
The discontinuous model is used to represent material separation while the continuous one is used to
determine the evolution of cracks. Critical issues are related to the introduction of discontinuities: when
and where (switching and locating criteria, respectively). Still, these models have a high computational
cost from solving the continuous model in the whole domain.
Recent approches consider a phase-field problem only in moving subdomains containing crack tips to
improve the efficiency of the simulations. Giovanardi et al [10] propose a two-scale strategy. A global
solution for the displacement field is obtained with XFEM. Then, the propagation is determined by solving
a phase-field problem in subdomains containing the crack tips with a finer mesh. The strategy is applied
to propagation examples in 2D, with no branching nor coalescence.
Patil et al [25] present a similar approach: phase-field is used only in small crack-tip regions, while
cracks are described by an XFEM discretization in the rest of the domain. The two descriptions of cracks
are not overlapped. In the so-called crack-tip regions, the mesh is adaptively refined with a uniform
submesh. The multiscale FEM is used to couple the finer discretization with the coarser one, by means
of transition elements and the construction of multi-scale shape functions relating the degrees of freedom
from the two levels of refinement. The strategy is successfully applied to branching and coalescence of
cracks in 2D.
With the same philosophy as the above-mentioned proposals, we present here a model combining
phase-field in small subdomains around crack tips, and a discontinuous model in the rest of the domain.
The phase-field model is used to handle the propagation and coalescence of cracks, while the discontinuous
model explicitly describes cracks and enables to use a coarser discretization in almost the whole domain.
The presented methodology is stated in 2D and 3D. As a simplification, we use the term crack tips to
refer both to crack tips, in 2D, and crack fronts, in 3D.
The small phase-field subdomains consist of a set of elements for which the discretization is uniformly
h-refined to capture the solution, following the refinement strategy proposed in [21], and move with crack
tips as cracks propagate in a fully automatic process. The mesh is fixed during all the simulation. As the
diffuse cracks evolve, refined elements are nested near crack tips. At the same time, refined elements in
the wake of the crack transition into an XFEM coarser approximation.
On the interface between continuous and discontinuous subdomains, continuity of the displacement
field is imposed in weak form by means of Nitsche’s method. Imposing continuity in weak form avoids
the definition of transition elements and having to constrain the degrees of freedom from the richer part.
This leads to a very local refinement, which is handled by the method for any refinement factor.
The paper is structured as follows. First, in Section 2, we recall the discontinuous and the phase-field
models. Section 3 describes the idea behind the combined computational model. In Section 4 we give
the FE formulation, together with some implementation details. Sections 5, 6 and 7 are devoted to the
evolution of the crack-tip subdomains and the transition to fracture as cracks propagate. In Section 8,
we present some representative numerical examples in 2D and a fully 3D test to show the capabilities of
the strategy. The conclusions in Section 9 close the paper.
2
2 XFEM and phase-field computational models
In this paper, we combine a discontinuous model and a phase-field model to simulate crack propagation
in the quasi-static regime. In the discontinuous model, cracks are described by discontinuous displace-
ments fields. In phase-field, cracks are approximated by diffuse bands with a loss of stiffness, and the
displacement field is continuous across them. In this section we give a brief overview of both approaches.
As a representative phase-field model, we use here the hybrid model proposed by Ambati et al [1].
Throughout the paper, we consider a linear elastic body with a traction-free crack, occupying a domain
Ω ⊂ Rnsd , with nsd = 2, 3, and under the assumption of small deformations, as illustrated in Figure 1.
We restrict to linear isotropic materials.
2.1 Discontinuous model
If no body forces are applied and inertia effects are neglected, the balance of linear momentum for the
body in Ω leads to the system
∇ · σ = 0 in ΩC ,
u = uD on ΓD,
σ · n = tN on ΓN ,
σ · n = 0 on Γ+C ∪ Γ−C ,
(1a)
(1b)
(1c)
(1d)
where ΩC = Ω \ ΓC is the cracked domain. The relation between the displacement field u and the stress
tensor σ is given by the constitutive equation
σ =
∂Ψ0(ε)
∂ε
, (2)
where ε is the small strain tensor and Ψ0 is the elastic energy density. For linear isotropic materials,
Ψ0 = (ε : C : ε) /2 and σ = C : ε, with C a fourth order positive definite tensor depending on the Lame´
parameters.
The Dirichlet and Neumann boundaries are denoted by ΓD and ΓN , respectively, and satisfy ∂Ω =
ΓD ∪ ΓN and ΓD ∩ ΓN = ∅. Prescribed displacements and tractions are uD and tN , and n is the exterior
unit normal.
Figure 1: Body with a sharp crack ΓC (left) and a diffuse phase-field representation of the crack with
damage variable d (right). The profile of the displacement field along the dotted section shows how the
discontinuity from the sharp crack is approximated by a continuous function with a steep variation in
phase-field models.
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Equation (1d) imposes traction-free conditions on the crack faces, Γ+C and Γ
−
C .
Numerical techniques to solve the system in (1) need to account for the discontinuity of displacements
across the crack. The most popular method used to this intent is XFEM [2, 20], which enriches the
discretization space to properly represent discontinuous displacements with no need to adapt the mesh
to the crack geometry. XFEM has demonstrated its applicability and computational efficiency in many
applications [6], but it presents some limitations for crack simulations.
It can be analytically shown that stresses around crack tips vary according to r−1/2, where r is the
distance to the crack tip [28]. This stress singularity is physically unrealistic and, from our experience,
it leads to difficulties in the definition of a proper XFEM enrichment around crack tips. More precisely,
to ensure convergence under uniform mesh refinement, the area were the crack-tip enrichment is applied
should be kept fixed; but this strategy leads to severe ill-conditioning. On the other hand, if the area for
the crack-tip enrichment is reduced with the element size, asymptotic convergence cannot be observed
[15]. Thus, from a practical point of view, crack-tip enrichment is not straightforward. An overview of
the advances of the method to solve problems in fracture mechanics can be found in Sukumar et al [27].
However, the main limitation of the discontinuous approach is that crack inception and propagation
are not described by the model. Different criteria have been proposed to determine the direction and
velocity of propagation using local information of the solution at crack tips, see for instance [5, 26, 4],
but a robust theory is not well-established yet. This is not the case for phase-field computational models,
which handle crack evolution in a natural way.
2.2 The hybrid phase-field model
In phase-field models, cracks are represented by means of the so-called phase-field variable or damage
field, which is denoted by d. The damage takes value 1 on the fracture path, value 0 in intact parts of
the material and smoothly varies between the two values, as sketched in Figure 1. The damage field is
introduced as an additional unknown into the system of equations. Thus, evolution of cracks is determined
by the model itself.
The hybrid phase-field model by Ambati et al [1] is characterized by incorporating a tension-compression
splitting, while maintaining a linear equilibrium equation within a staggered scheme to solve the system.
The governing equations are 
∇ · σ = 0 with σ = g(d)∂Ψ0(ε)
∂ε
,
− l2∆d+ d = 2l
GC
(1− d)H+,
g(d) :=
{
(1− d)2 where Ψ+0 ≥ Ψ−0 ,
1 otherwise,
(3a)
(3b)
(3c)
where GC is the energy release rate of the material. The length parameter l is related to the width of the
diffuse cracks and it is usually taken very small to mimic sharp cracks. This entails the need of very fine
meshes around cracks to properly approximate the solution.
The stress tensor in the equilibrium equation (3a) is degraded by the function g(d). In fully broken
parts of the material, where d = 1, this implies a complete loss of stiffness. In parts of the material with
d = 0, the linear elastic stress-strain constitutive relation (2) is recovered.
The model considers an additive decomposition of Ψ0, namely, Ψ0 = Ψ
+
0 + Ψ
−
0 with Ψ
+
0 and Ψ
−
0 the
tensile and compressive parts of Ψ0, respectively. Here, we assume the tension-compression splitting by
Miehe et al [17, 18] which is based on the spectral decomposition of ε. Denoting the principal strains by
{εi}i=1,...,nsd and the principal strain directions by {di}i=1,...,nsd ,
Ψ±0 (ε) =
1
2
λ〈tr(ε)〉2± + µtr
(
ε2±
)
, (4)
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where ε± =
∑nsd
i=1〈εi〉±di ⊗ di and 〈〉± = (± |  |) /2.
The evolution of the damage field d is modeled by equation (3b). The history field variable, H+, is
defined as
H+(x, t) = max
τ∈[0,t]
Ψ+0
(
ε (x, τ)
)
, (5)
and therefore the propagation of d is only caused by the tensile Ψ+0 . The definition of H+ also enforces
irreversibility of fracture [17, 18].
The condition in equation (3c) recovers the original stiffness of the material under compression, in
order to prevent interpenetration of crack faces. Alternatively, the splitting of Ψ0 may be included into
the stress-strain equation in (3a), but then the equilibrium equation becomes nonlinear.
The system in (3) is solved with boundary conditions
σ · n = tN on ΓN ,
u = uD on ΓD,
∇d · n = 0 on ∂Ω.
(6)
It is important noting that the value of l determines the element size required around cracks. Thus,
differently to other applications, adaptive refinement can be directly driven by the crack growth, with
a refinement element size that is known a priori. This is the idea exploited in [21], where elements
along the crack are automatically refined considering a refined reference element, and keeping the original
background finite element mesh in the whole computation. The weaknesses of the adaptive phase-field
model are the inability of phase-field to explicitly describe crack opening, which is necessary in some
applications, and, more importantly, the computational cost associated to the refinement in all elements
along the crack path. Thus, the next natural step is derefining the elements in the wake of the crack tips
and replacing the diffuse band by a sharp crack, where no variation of the damage is expected, by means
of an XFEM enrichment.
In the next section, XFEM and the adaptive phase-field model in [21] are combined in a new method
that has the computational efficiency of XFEM, and also the ability of phase-field models to handle crack
evolution.
3 The concept: sharp cracks with phase-field crack tips
A novel computational model combining a phase-field model and an XFEM discontinuous approach is
proposed. The phase-field equations are solved in small subdomains around crack tips, Ωtips, and the
discontinuous model is used in the rest of the domain, Ωxfem. The corresponding diffuse and sharp
definitions of cracks are not overlapped and we denote by Γ the interface between subdomains, this is,
Ω = Ωtips ∪ Ωxfem, Ωtips ∩ Ωxfem = ∅, Γ = Ωtips ∩ Ωxfem.
The model overcomes the limitations of both approaches. The phase-field model drives the crack
propagation and deals with branching and merging of cracks, whereas the crack is explicitly described in
almost all the domain by a sharp discontinuity. Thus, the high spatial resolution needed around crack
paths in standard phase-field models is now only necessary in small neighborhoods of the crack tips, with
the consequent important saving in computational cost.
The partition of the domain is based on the computational mesh. Crack-tip subdomains Ωtips are
defined as the set of elements close to crack tips and tips of notches in the domain, where crack growth is
expected. The rest of elements are Ωxfem. The initial definition of Ωtips is crucial to detect crack inception,
since the damage field is solved only in this part of the domain.
As crack tips advance during the computation, the domains Ωtips and Ωxfem are repeatedly updated,
refining elements in the nose of the cracks and derefining elements in their wake. When derefining, diffuse
cracks are replaced by XFEM sharp traction-free cracks.
5
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Figure 2: Scheme of a discretization in two consecutive load steps. In Ωtips, elements are uniformly
h-refined and cracks are represented by diffuse bands. The FE discretization in Ωxfem is the one corre-
sponding to the initial mesh, with an XFEM Heaviside enrichment to introduce sharp cracks, represented
with black line. The interface Γ is depicted in red.
Following the concept in [21], elements in Ωtips are automatically identified and uniformly refined to
properly approximate the phase-field solution, now only around crack tips. The refinement is based on a
refined reference element, keeping the original background mesh during the whole computation.
Figure 2 illustrates the discretizations for two consecutive load steps. The elements in Ωtips are h-
refined with a uniform submesh with mnsd subelements. The refinement factor m is chosen a priori
depending on the length-scale parameter l of the phase-field model. As the crack evolves, the small
subdomains move with the crack tips and the diffuse band becomes a sharp discontinuity in the wake of
the crack.
The main challenge is gluing the two models on the interface Γ, with different discretizations and
representations of cracks on each side.
For the equilibrium equation, continuity of the displacement is imposed in weak form by means of
Nitsche’s method. The Nitsche’s formulation, recalled in Section 4, is the one considered in [21], but now
with an XFEM enriched approximation in Ωxfem. In addition, when imposing continuity, a small portion
of the interface around the intersections with the crack is discarded.
Numerical experiments show that unrealistic displacement fields are obtained if the continuity is
enforced on the whole interface Γ. The reason is that the description of the crack on both sides of the
interface is different. From Ωxfem the crack is sharp and the material retains all the stiffness, whereas on
Ωtips we have a smooth representation of the crack with a material degradation given by g(d), leading to
almost fully damaged material close to the crack path. Thus, for parts of Γ which are crossed by cracks,
the difference of stiffness between the two subdomains is quite significant.
Continuity is then enforced on a slightly cropped interface defined as
Γ̂ = {x ∈ Γ : d(x) < 0.9}. (7)
Figure 3 illustrates the concept. A simple test comparing the results obtained imposing continuity on Γ
and on the cropped interface, Γ̂, is presented in Section 8.1.
It is worth noting that imposing continuity in weak form, by means of Nitsche’s method, handles the
non-conformal approximations in a natural way. That is, refined discretizations are directly attached to
non-refined discretizations, with a standard finite element approximation or with XFEM enrichment. No
transition elements are required, avoiding the spreading of the refinement or the enrichment, and without
having to deal with hanging nodes.
The other important issue for gluing the computational models is setting proper boundary conditions
for the damage variable d, since we solve for it only in Ωtips. In standard phase-field models, the boundary
6
Figure 3: Continuity of displacements is imposed in weak form on the interface Γ̂, in blue (left). Cracks
do not necessarily intersect Γ perpendicularly. Dirichlet boundary conditions for the damage field d are
imposed on ΓdD, i.e. on the side intersected by the crack and on the adjacent sides, in green (right).
conditions for the damage equation are usually taken as homogeneous Neumann on ∂Ω. However, we
cannot assume that cracks intersect the interface Γ with perpendicularity. With this in mind, Dirichlet
boundary conditions are imposed on the faces that have been crossed by a crack. More precisely, the
Dirichlet boundary, ΓdD, consists of the element sides (in 2D, faces in 3D) on Γ that are cut by the crack,
i.e. with d > 0.95 at some node, together with their neighboring faces on Γ. See an example in Figure
3 (right). When transitioning elements intersected by the crack from Ωtips to Ωxfem, the damage field on
ΓdD is saved to be used as Dirichlet value for the damage equation. That is, the damage is assumed to
be frozen in the wake of crack tips. On the rest of the boundary, ∂Ωtips \ ΓdD, homogeneous Neumann
conditions are imposed not to favor any direction of crack growth.
4 Finite element formulation
In this section, we present the formulation, commenting also on some implementation details. The fracture
model is solved in a staggered scheme. Thus, the numerical formulations for the equilibrium and for the
damage equation are independent.
In the equilibrium equation, the discretization has to account for discontinuous displacements across
cracks in Ωxfem. Also, continuity of displacements between Ωtips and Ωxfem has to be handled by the
formulation. On the other hand, the damage equation is solved with the standard finite element method
with refined approximation in Ωtips.
4.1 Equilibrium equation: Nitsche’s method
The equilibrium equation is solved in Ω, with different non-conformal approximations for the displacement
field in the partition given by Ωtips and Ωxfem. Thus, the displacement is assumed to be in the space
[V(Ω)]nsd with
V(Ω) = {v ∈ L2(Ω) : v|Ωtips ∈ H1(Ωtips), v|Ωxfem ∈ H1(Ωxfem\Γc)},
which includes functions that are discontinuous across the interface Γ, and across the sharp crack Γc; the
second one, handled by the XFEM enrichment.
Our choice to weakly impose continuity on the interface Γ is Nitsche’s method. The formulation is
based on the Nitsche’s formulation for linear elasticity applied to interface problems by Hansbo [13], see
also [21].
In Nitsche’s method, the weak form of classical finite element approach is modified in order to impose
continuity of the solution on the interface, while keeping a symmetric and coercive bilinear form, and
also imposing equilibrium of tractions. Differently to Lagrange multipliers, no additional unknowns are
introduced to the system.
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The weak form reads: find u ∈ [V(Ω)]nsd such that u = uD on ΓD and∫
Ω
∇v : σ(u) dV −
∫
Γ̂
Jv ⊗ nK : {σ(u)} ds −∫
Γ̂
{σ(v)} : Ju⊗ nK ds+ βE ∫
Γ̂
Ju⊗ nK : Jv ⊗ nK ds
−
∫
ΓN
v · tN ds = 0,
(8)
for all v ∈ [V(Ω)]nsd such that v = 0 on ΓD, where βE is the Nitsche’s stabilization parameter, and Γ̂
is almost the whole interface Γ, discarding small portions around the intersections with the cracks, as
defined in (7) and illustrated in Figure 3 (left).
The mean and jump operators are defined as {} = 12 (t +x) and JnK = tnt + xnx =
(t−x)nt, with the lower indices, t and x, indicating the values on Γ̂ from Ωtips and Ωxfem, respectively,
and nt, nx the corresponding unit exterior normals. A derivation of this weak form can be found in [21].
The differences here are just the aproximation spaces to be glued, now including sharp cracks via XFEM,
and the small cropping of the interface, Γ̂.
Even though it has been omitted for simplicity, note that the stress tensor σ in (8) depends also on
the damage field d in Ωtips.
The stability of the formulation depends on the value of βE. This parameter has to be large enough
to ensure coercivity of the bilinear form, thus leading to a discrete system with a positive-definite matrix.
To obtain optimal orders of convergence, this parameter can be taken of the form
βE = αEE(h/m)
−1, (9)
with E the Young’s modulus, h the element size in the background mesh, m the refinement factor for
refined elements, and αE a large enough positive constant independent of other numerical and material
parameters. A lower bound for its value can be found by solving an eigenvalue problem [11]. However,
the formulation is very robust on the parameter and the value of αE can be easily tuned by numerical
experimentation [21].
4.2 Spaces of approximation: XFEM and refined
The computation is based on a fixed background mesh during the whole simulation, with elements {Ki}neli=1.
That is,
Ω =
nel⋃
i=1
Ki, Ki ∩Kj = ∅ if i 6= j.
As cracks evolve, in every load step and iteration of the staggered scheme, the elements in the background
mesh are identified as refined, i.e. in Ωtips, if they are close to crack tips or tips of initial notches, or in
Ωxfem, otherwise.
In Ωxfem, the XFEM approximation is based on a standard finite element space, that is
Vh(Ωxfem) = {v ∈ H1(Ωxfem) : v|Ki ∈ Pp for Ki ⊆ Ωxfem},
with nodal basis {Ni}i∈Ixfem , where Ixfem is the set of the indices of the nodes in Ωxfem and Pp is the space
of polynomials up to degree p. The XFEM approximation space in Ωxfem in the case of a unique crack is
then
Vhxfem =< Ni >i∈Ix ⊗ < HNi >i∈Ienr ,
where Ienr is the set of indices of enriched nodes, i.e. the nodes of the elements which are cut by the
crack, and H is the Heaviside function taking, for instance, values 1 and −1 on each side of the crack.
In the presence of branching or several cracks, the approximation is enriched with additional Heaviside
functions
Vhxfem =< Ni >i∈Ix ⊗ < H1Ni >i∈I1enr ⊗ . . .⊗ < HncracksNi >i∈Incracksenr ,
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Figure 4: Refined reference element in 1D, for degree p = 2 and refinement factor m = 2. Nodes are
represented by gray dots and integration points, by black crosses. The refined element has 5 basis functions
and 6 integration points.
where ncracks is the total number of crack branches [20]. Here, no asymptotic tip enrichment is necessary
since Ωxfem does not contain crack tips.
A proper numerical quadrature must be defined in the elements intersected by the crack to account
for the discontinuity of the XFEM approximation. That is, a numerical quadrature must be defined in
each portion of cut elements, see for instance [16, 12].
On other hand, in Ωtips, a uniformly h-refined discretization is considered to capture the sharp variation
of the phase-field solution. These elements are mapped into a uniformly refined reference element. The
resulting approximation space is equivalent to a standard finite element approximation on a finer mesh,
non-conformal on the interface Γ. The chosen implementation, based on a refined reference element, is
simpler since no mesh generation is needed, the assembly and the integration can be done as usual, and
the definition of the refined reference element is done as a simple preprocess. This is a viable option
in this application since all refined elements have the same refinement factor, which is known from the
beginning. The refinement factor is computed from the phase-field length, l, the characteristic element
size of the background mesh, h, and the degree of approximation p. It can be taken as
m = dal/(ph)e .
In our experience, a reasonable value for the factor a is between 3 and 5. The approximation space in
Ωtips is then defined as
Vhtips = {v ∈ H1(Ωtips) : v|Ki ∈ Ppref(Ki) for Ki ⊆ Ωtips},
where Ppref(Ki) is the refined space in each element. The element is split into mnsd uniform subelements,
and the refined approximation space in the element is
Ppref(Ki) = {v ∈ H1(Ki) : v|Kij ∈ Pp(Kij), j = 1...mnsd},
with {Kij}mnsdj=1 denoting the subelements in the element Ki. To illustrate the idea, a 1D refined element
is shown in Figure 4.
Finally, the approximation space to discretize the Nitsche’s weak form (8) is the combined space
Vh(Ω) = {v ∈ H1(Ω) : v|Ωxfem ∈ Vhxfem, v|Ωtips ∈ Vhtips}.
4.3 Damage equation
The damage equation is solved only in Ωtips, this is, in the small subdomains containing crack tips and
tips of notches, where damage evolution is expected. As commented in Section 3, and illustrated in Figure
3 (right), Dirichlet boundary conditions are imposed on ΓdD, defined as a portion of the boundary around
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the intersection with cracks. Homogeneous Neumann boundary conditions are imposed on the rest of the
boundary.
The weak form is then: find d ∈ H1(Ωtips) such that d = dD on ΓdD and∫
Ω
(
GC
l
+ 2H+
)
vd dV +
∫
Ω
GC l∇v ·∇d dV =
∫
Ω
v2H+ dV, (10)
for all v ∈ H1(Ωtips) such that v = 0 on ΓdD.
The value set on the Dirichlet boundary, dD, is the value saved from the damage solution in previous
iterations, assuming that the damage is frozen on the wake of the crack.
The weak form is discretized with the refined approximation space Vhtips.
4.4 Staggered scheme
Numerical simulations take an incremental process in load steps. At every load step, the system is solved
with a staggered scheme, for which the equations are solved alternately until convergence. For load step
n, we iterate over
i. Computing the displacement field u in Ω by solving the weak form (8), with the current damage field
d in Ωtips, and with boundary data uD = u
n
D on ΓD and tN = t
n
N on ΓN . Recall that traction-free
conditions on the crack are imposed by means of the XFEM enrichment in Ωxfem, and a refined
discretization is considered in Ωtips.
ii. Updating the history field H+ in Ωtips.
iii. Computing the damage field d in Ωtips by solving the weak form (10).
iv. Updating the partition, Ωtips and Ωxfem, and the geometrical description of sharp cracks, as detailed
in Sections 4.5, 5.1 and 6.
As a convergence criterion we check if the error of the damage field in the Euclidean norm is lower
than a certain tolerance.
Note that crack-tip subdomains are updated at every staggered iteration. Since we are modeling
brittle fracture, cracks can significantly grow at a single load step and the phase-field subdomain has to
be accordingly modified to allow the propagation.
4.5 Geometrical information
The geometry of the domain is defined by the background mesh (X,T ), with X the nodal coordinates
and T the connectivity matrix. This mesh is kept fixed during all the computation.
In the preprocess, information of the faces is computed from the connectivity matrix. Faces are
numbered and, for each one of them, we store the number of the elements sharing the face and the local
number of the face in each element. In 3D, the rotation is also stored, that is, which node in the face from
the second element corresponds to the first node of the face from the first element. This information on
faces is used to compute the integrals over Γˆ in the equilibrium weak form (8).
Information of the partition {Ωtips,Ωxfem} is given by three vectors storing, respectively, the numbers
of the elements in each subdomain and the numbers of the faces composing the interface Γ. Also, we
need to save the list of nodes on ΓdD and the value of the damage field on these nodes from the previous
iteration, to be able to impose the boundary conditions in (10). During the computation, information on
the partition is updated at every staggered iteration according to the propagation of cracks by applying
the criteria in Section 5.1.
A geometrical description of sharp cracks in Ωxfem is needed to introduce the discontinuities into the
XFEM discretization. Here, we store the crack path together with a nodal vector indicating whether each
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enriched node is in the left or right side of the crack. Some details on the construction of the sharp crack
can be found in Section 6.
In addition, to ensure continuity of the approximation in the refined region Ωtips, we define an auxiliary
mesh (Xref, Tref). This new mesh is constructed by mappings of the refined reference element into the
elements in Ωtips, and it is modified as the list of elements in Ωtips is updated. When an element is added
to Ωtips, the nodes in the refined element are added to Xref, avoiding repetitions, and the corresponding
row is added to Tref. When an element is supressed, nodes not belonging to other refined elements are
removed from Xref. Tref is modified according to the new nodal numbering and the row corresponding to
the element is removed. The use of a refined mesh is optional, since the computations are directly done
with the refined reference element, but it clearly facilitates the assembly for the elements in Ωtips.
5 Update of the partition
The criteria to decide if an element should be in Ωtips or in Ωxfem are based on i) the maximum value
of the damage reached in the element, and ii) the distance to elements containing crack tips (or tips of
notches). These criteria are applied at every iteration of the staggered algorithm.
In this section, we describe the criteria and also the algorithm to identify the elements that contain
crack tips in 2D. The conversions from a phase-field to a sharp representation of cracks and vice versa are
discussed in Sections 6 and 7, respectively.
5.1 Refining and switching criteria
The refining criterion is applied to elements in Ωxfem which are adjacent to the interface Γ, in order to
decide if they should be transferred to Ωtips. Following the idea in [21], an element is refined if the damage
field reaches a threshold value d∗ at one of its nodes. Here, since the damage is computed only in Ωtips,
an element in Ωxfem is refined if any of its nodes on the interface reaches the threshold value d
∗ and it is
close to some element containing a crack tip, with a threshold distance δ∗. This last consideration ensures
that elements in the wake of cracks stay in Ωxfem.
Then, to decide if some of the elements in Ωtips have to switch to the discontinuous approximation,
the distance criterion with threshold value δ∗ is also applied. More precisely, if the minimum distance
of an element to all the elements containing a crack tip (or notch tip) is larger than δ∗, the element is
transferred to Ωxfem.
Distances between elements are computed center-to-center. In practice, values of d∗ between 0.1 and
0.2 give accurate phase-field approximations with narrow bands of refinement along cracks. A reasonable
value for the distance threshold δ∗ is around 10l.
5.2 Identification of elements containing crack tips
Here, we focus on quadrilateral elements in 2D. The logic of the algorithm is easily extendable to triangular
elements. As a simplification, we assume a smeared crack can only intersect the same element edge once.
Elements containing crack tips are identified using the number of sides which are intersected by the
smeared band and the area of the band inside the element. We assume a side is intersected if it reaches
d > 0.95 at some of its integration points. The area of the band is approximated as the sum of the weights
of integration points in the element with d > 0.95.
First, for all elements in Ωtips, we count how many sides are intersected by the crack. The considered
configurations are summarized in Figure 5.
In elements with only 1 intersected side, we mark the element as containing a crack tip if the area of
the band is larger than a threshold A∗; on the other case, the crack is assumed to be tangent to the side.
For 2 intersected sides, the element contains a crack tip if the two intersected sides are adjacent, the
shared node satisfies d > 0.95 and the area of the band is larger than A∗. All other cases are discarded.
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Figure 5: Detail of a refined element with possible crack paths. Cases are classified depending on the
number of intersected sides. Red crosses indicate integration points on the sides with d > 0.95.
Elements with 3 o 4 intersected sides do not contain a crack tip.
The algorithm does not cover all possibilities. For instance, crack tips which are almost tangent to
an element side may not be correctly identified. Robustness is ensured by saving the elements containing
crack tips from the previous iteration. If a crack tip from the previous iteration disappears, i.e. it is not
found in the same element and has not moved to a neighboring element, we assume the crack tip has
advanced to an ambiguous position and consider its previous localization. This is not a problem since the
threshold distance in the switching criterion is always taken coarse enough, and propagating cracks leave
the ambiguous positions as they evolve in the following iterations.
This simple method is enough for all the 2D examples presented in this paper, taking A∗ = hl/5.
The robust extension of the algorithm to 3D is nontrivial due to the numerous possible cases. Elements
containing crack fronts are easily identified for the particular example in Section 8.5 since the direction
of crack propagation is known.
Other strategies may be explored, for instance, applying the medial-axis algorithm in [29].
6 Transition to discontinuous fracture and definition of the sharp crack
geometry
In elements in the wake of crack tips, no variation of crack paths is expected and the phase-field damage
band is replaced by a sharp representation. This implies a significant reduction in the computational cost
of simulations. The transition is done for fully degraded material, so no additional energetic considerations
are needed.
Sharp cracks are defined by the union of elemental contributions. Once a cut element transitions from
Ωtips to Ωxfem, the crack path is identified within the phase-field diffuse band and is then added to the
existing sharp crack. The process is illustrated in Figure 6.
For both 2D and 3D problems, we search for intersections of the diffuse cracks along the edges of the
mesh of transitioning elements. In the 1-dimensional searchs, intersections are taken as the middle points
of the nodes (in the refined discretization) with d > 0.98. In 2D, this leads to piecewise linear cracks,
with a segment in each cut element. In the event of crack branching, a proper piecewise representation is
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considered in the element containing the branching point, as shown in Section 8.3. In 3D, crack surfaces
are constructed as the tringular facets defined by the intersection points on edges. Note that these facets
can have very different sizes. This is not a problem since the surface is used only to define the integration
subdomains in the element.
This algorithm is enough to show the capabilities of the strategy. In our numerical examples, it leads
to similar results to the ones obtained by a plain phase-field model. More sophisticated techniques can
be introduced at this step if more accuracy is needed or crack paths are more challenging, such as a
higher-degree curved representation of the crack path in each cut element, given by more than 2 points
in 2D [12], the medial-axis algorithm [29] or the optimization-based approach in [7].
It is important for the different representations along a crack (sharp and diffuse) to match on the
interface Γ with enough accuracy, to avoid the creation of unphysical corners. In our experience, level-
set representations of the crack in the coarse background mesh are not accurate enough to fulfill this
requirement.
Regarding the displacement field, since it is computed in the staggered scheme in Section 4.4, there is
no need to compute its projection into the new approximation space.
7 Refinement of elements and cracks coalescence
When an element in Ωxfem is selected to be refined, nodal values for the damage have to be defined. If the
element is refined for the first time, nodal values of the damage can be set to zero except for the nodes
on the interface, where the damage is known. If the element is intersected by a sharp crack, the damage
field in the element has to approximate the crack. This is the case in cracks coalescence.
In experiments with merging of cracks, we may have elements cut by a sharp crack which are ap-
proached by a phase-field crack tip. In this case, the criteria in Section 5.1 lead to refining again the
elements, transitioning back to the continuous representation. The coalescence is then handled by the
phase-field model. Once the cracks have merged, the elements transition to the discontinuous again with
the corresponding update in the involved sharp cracks.
In the current implementation we store the damage field for elements that transition to discontinuous
and recover its value in case these elements need to be refined again. Another option would be to construct
the damage band from scratch using the sharp representation, for instance, defining the corresponding
history field variable, H+, following Borden et al [3].
Figure 6: Sketch of transition to sharp crack. The diffuse crack is replaced by a sharp crack in the element
selected to be derefined, marked with red square. In 2D the crack is composed by linear segments, defined
by the intersection of the diffuse crack with the elements sides.
13
8 Numerical experiments
In this section, we aim to demonstrate the robustness of the proposed approach to efficiently simulate
fracture processes. During the computations the background mesh is kept fixed and the discretization is
automatically modified to account for the different representations of cracks.
First, a simple test is presented to numerically validate the definition of Γˆ to impose continuity
of displacements between the subdomains Ωtips and Ωxfem. Then, several benchmark tests are visited,
covering a wide range of cases in fracture simulations. Examples in 2D prove the applicability of the
strategy to branching and coalescence of cracks. The approach is also applied to a fully 3D setting.
Plane strain conditions are assumed in 2D. In all examples, we solve for degree of approximation
p = 1. The tolerance for convergence in the staggered scheme is fixed to 10−2. The Nitsche’s parameter
for the equilibrium equation is αE = 100 and the refinement of elements is triggered by the threshold
value d∗ = 0.2. A numerical study on the influence of αE and d∗ in adaptive phase-field simulations can
be found in [21].
Preexisting cracks in the domain are first introduced as diffuse phase-field bands by solving the damage
equation with an initial history field, H+0 , as described in Borden et al [3]. Then, before initializing the
simulation, the procedure of transition to discontinuous is applied to replace the diffuse phase-field band
by a sharp crack where needed, according to the respective switching criterion.
8.1 Test on the continuity of displacements
In this test, we analyse the effect of imposing continuity of displacements on the whole interface Γ and on
the cropped interface Γˆ (defined in (7) as the part of Γ where the material is not significantly degraded)
on a simple tension test with a fixed crack.
Consider a square plate in [−0.4, 0.4]× [−0.5, 0.5] mm2 with a horizontal crack at midheight crossing
the whole piece. The piece is clamped on its bottom face and has imposed displacements (0, uD) on its
top face, with uD = 10
−4 mm. The material parameters are E = 20 GPa, ν = 0.3 and GC = 10−4
kN/mm.
The crack is represented by a sharp crack for x < 0 and by a smeared damage band for x > 0, with
a length-scale parameter l = 0.012 mm. The domain is covered by a uniform quadrilateral mesh with
12×15 elements and Ωtips is taken as {x ≥ 0, |y| ≤ 0.075 mm}. The rest of the domain is Ωxfem. Elements
are refined with a uniform submesh of refinement factor m = 15. The discretization is shown in Figure 7.
Figure 8 shows the vertical displacement field uy when the equilibrium equation is solved imposing
continuity of displacements on Γˆ. As expected, the upper half moves rigidly, with a constant vertical
displacement equal to uD, whereas the lower half does not move and has zero vertical displacement. In
Figure 7: Test on continuity. Initial discretization and approximation of the crack.
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Figure 8: Test on continuity. Vertical displacement field uy imposing continuity on Γˆ and on Γ.
Figure 9: L-shaped test. Geometry and boundary conditions. Dimensions in mm.
Ωxfem we obtain the expected discontinuity and in Ωtips the displacement is continuous and abruptly varies
between these two values.
We repeat the experiment imposing continuity on the whole interface Γ. The vertical displacements
exhibit an unrealistic pattern near the gluing of the two representations of the crack, due to the different
material stifnesses, see Figure 8. Consequently, continuity will be imposed on Γˆ in all examples.
8.2 L-shaped panel test
Consider an L-shaped panel with boundary conditions as illustrated in Figure 9. Following Ambati et al
[1], the material parameters are E = 25.84 GPa, ν = 0.18 and GC = 8.9 · 10−5 kN/mm. The phase-field
length-scale parameter is l = 2.5 mm. The load process takes displacement increments of ∆uD = 10
−3
mm.
The background mesh is a uniform quadrilateral mesh with element size h = 10 mm, and elements in
Ωtips are refined with refinement factor m = 20. The subdomain Ωtips initially consists of the 3 elements in
the corner of the piece, where crack inception is expected. The distance of derefinement in the switching
criterion is taken as δ∗ = 2h. Recall that a correct initial definition of Ωtips, including crack tips and
notches of the domain, is essential since the damage field is computed only in this part of the domain.
As a reference solution, we run the simulation with a plain phase-field model with adaptivity, following
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Figure 10: L-shaped test. Damage field at different load steps for PF and PF-XFEM. The sharp crack in
PF-XFEM is plotted in white. Zoom into [−230, 10]× [−10, 60] mm2.
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Figure 11: L-shaped test. Load-displacement curve for PF and PF-XFEM.
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Figure 12: L-shaped test. Evolution of nDOF in the equilibrium equation for PF and PF-XFEM. The
percentage is computed with respect to the nDOF of the initial discretization.
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the refinement strategy proposed in [21]. The equations of the hybrid phase-field model are solved in the
whole domain. Elements along cracks are dynamically refined, but no transition to a sharp representation
is considered. Thus, more elements become refined as the crack propagates. On the contrary, in the
newly proposed approach, only elements near the crack tip are refined. Thus, the size of Ωtips does not
increase constantly. Elements which are far enough from the crack tip transition to an XFEM coarser
representation, and the damage band is replaced by a sharp crack. Remeshing is avoided in both cases.
In what follows, we abbreviate these approaches by PF and PF-XFEM, respectively.
The crack path obtained with the two strategies at different load steps is depicted in Figure 10. We
obtain similar results, with a slightly faster propagation for PF-XFEM at load step uD = 0.26 mm. This
can be explained by the spurious transmission of forces across phase-field cracks, while sharp cracks are
completely traction-free. In both cases, the discretization is updated according to crack growth.
The slightly faster propagation when introducing sharp cracks is also observed in the load-displacement
curves in Figure 11. After the peak, when the crack starts propagating, we observe a steeper descent of the
curve, meaning the crack is slightly longer. As the simulations evolve, the difference between approaches
diminishes. In the PF curve, we observe the characteristic loss of stiffness prior to the peak of these
models; solving the damage equation in the whole domain with a quadratic degradation function g(d)
propagates the damage, softening the piece in the simulation. In PF-XFEM the behavior of the material
before cracking is closer to linear elasticity because the damage is computed only in small subdomains.
For PF-XFEM, Ωtips takes a very small part of the domain. This leads to a reduction of the number
of degrees of freedom (nDOF) for the equilibrium equation. The reduction is substantial even though in
PF the mesh is refined only in a narrow band containing the crack. Figure 12 shows the evolution of
nDOF with respect to its initial value. For PF, the number increases up to 800%, while for PF-XFEM
nDOF the value increases only up to 150%.
8.3 Branching test
This example was first proposed in Muix´ı et al [22] and is revisited here to test the capability of the
strategy to reproduce bifurcations, as well as to handle multiple disconnected subdomains in Ωtips.
We consider a square plate in [−1, 1]2 mm2, precracked at midheight and with boundary conditions
as illustrated in Figure 13. The piece is fixed on its right edge and has imposed vertical displacements on
its top and bottom edges, with f(x) = uD(x− 1)2/8. The material parameters are E = 20 GPa, ν = 0.3
and GC = 8.9 · 10−5 kN/mm. We take l = 0.01 mm and load increments of ∆uD = 5 · 10−5 mm. The
domain is discretized into a uniform quadrilateral mesh of 45 × 45 elements. Elements are refined with
refinement factor m = 15. The threshold distance in the switching criterion is taken as δ∗ = 3h. The
initial Ωtips consists of the elements containing the preexisting crack and the rest of the domain is part of
Ωxfem.
The obtained crack at different stages is shown in Figure 14. The crack propagates horizontally and
then branches abruptly, maintaining the symmetry of the solution in the whole simulation. When the
branching occurs, we start having two crack tips and Ωtips contains the elements near both of them. In
Ωxfem we have two separate sharp cracks, each one of them contributing to the XFEM discretization with
an independent Heaviside function.
The evolution of the crack at the load step when it branches, uD = 0.05195 mm, is plotted in Figure
15 at some illustrative staggered iterations. The existing sharp crack is updated with the contribution of
one of the branches and the other branch defines the new sharp crack. If the branching point is interior
to the element, the representation of the crack is piecewise linear and contains the point, i.e. it is defined
by a Y-shaped approximation, as can be seen in the third plot of Figure 15.
As reported in [22], we observe a slight interpenetration of the crack faces near the branching point. In
the phase-field model, interpenetration is prevented by the definition of g(d) in (3c), but when transitioning
to the XFEM representation the crack faces intersect as shown in Figure 16. This issue can be tackled
by implementing contact conditions into the XFEM discretization, see for instance [14, 9].
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Figure 13: Branching test. Geometry and boundary conditions. Dimensions in mm.
uD = 0.030 mm uD = 0.055 mm uD = 0.080 mm
Figure 14: Branching test. Evolution of the crack at different load steps. The sharp crack is plotted in
white.
s = 0 s = 20 s = 40
Figure 15: Branching test. Detail of the crack path at some staggered iterations for imposed displacement
uD = 0.05195 mm. Zoom into [0, 0.8]× [−0.4, 0.4] mm2.
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Figure 16: Branching test. Deformed piece at imposed displacement uD = 0.08 mm. Crack faces,
highlighted in red, show a slight interpenetration. Zoom into [0.25, 0.65]× [−0.2, 0.2] mm2.
Figure 17: Multiple cracks test. Geometry and boundary conditions.
8.4 Multiple cracks test
This example, proposed in [21], exhibits the robustness of the proposed strategy to simulate coalescence
of cracks.
Consider a square plate in [0, 2]2 mm2, with 6 initial cracks and subjected to biaxial tension as depicted
in Figure 17. The tips of the initial cracks are in Table 1. Material parameters are E = 20 GPa, ν = 0.3
and GC = 10
−3 kN/mm. We use l = 0.012 mm and take increments of ∆uD = 5 · 10−5 mm. The
background mesh is a uniform quadrilateral mesh with 47 × 47 elements and the refinement factor is
m = 17. The distance to switch to discontinuous is δ∗ = 3h.
The obtained crack pattern is plotted in Figure 18. The initial cracks propagate, coalescing between
them, until the piece is broken into 4 independent pieces. There are two mergings of cracks in the
process. Since cracks grow abruptly, we need to plot the crack at staggered iterations to see the detail
of how coalescence is handled by the method. Figure 19 shows some representative staggered iterations
for imposed displacement uD = 0.262 mm. In the figure, we can see how the sharp crack in the right is
replaced by its diffuse representation as the crack tip approaches and the cut elements are refined. Then,
after the merging has occured, all the elements in this subdomain of Ωtips transition back to Ωxfem.
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Table 1: Multiple cracks test. Tip coordinates for the initial cracks in the domain [0, 2]2 mm2.
Crack P1 (mm) P2 (mm)
1 (0.5, 1.5) (0.6, 1.55)
2 (1, 1.1) (1, 1.5)
3 (1.4, 1.5) (1.5, 1.55)
4 (0.5, 0.9) (0.7, 0.9)
5 (0.5, 0.5) (0.6, 0.45)
6 (1.2, 0.5) (1.5, 0.6)
uD = 0.0120 mm uD = 0.0125 mm uD = 0.0130 mm
uD = 0.019 mm uD = 0.027 mm
Figure 18: Multiple cracks test. Damage field at several imposed displacements.
Now, we compare the results with the ones obtained by a PF approach. The final partition of the
piece for both approaches is shown in Figure 20. The damage field corresponds to the PF simulation,
and the final sharp crack for PF-XFEM is plotted in black. The crack patterns are very similar also in
this more complex scenario. The corresponding load-displacement curves for the horizontal and vertical
loads, Fx and Fy, in Figure 21, again indicate a loss of stiffness for PF in the precracking regime and a
steeper descent of the curves for PF-XFEM. The evolution of nDOF is plotted in Figure 22, showing a
substantial decrease in nDOF. For PF-XFEM we observe a reduction of nDOF as crack tips disappear,
while in PF the nDOF always increases.
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Figure 19: Multiple cracks test. Crack pattern at different staggered iterations for imposed displacement
uD = 0.262 mm. Zoom into [0, 1.15]× [0.7, 1.1] mm2.
Figure 20: Multiple cracks test. Comparison with PF solution.
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Figure 21: Multiple cracks test. Load-displacement curve.
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Figure 22: Multiple cracks test. Evolution of the number of degrees of freedom.
Figure 23: Twisting test. Front and top view of the initial geometry of the piece. Lenghts are in mm.
8.5 Twisting test
In this example we test the performance of the method in a fully 3D example. This test was also
proposed in [21]. We consider a square section beam in [0, 125]× [0, 25]× [0, 25] mm3, which is clamped
on {x = 0 mm} and has imposed displacements along x on {x = 125 mm}. The beam has two initial
notches on {y = 0 mm} and {y = 25 mm}, which are inclined with opposite angles, as shown in Figure
23.
The parameters are E = 32 GPa, ν = 0.25, GC = 1.6 · 10−4 kN/mm and l = 2 mm. The load steps
take increments ∆uD = 5 ·10−4 mm. We use a uniform hexahedral mesh with element size h = 3.125 mm
and refinement factor m = 7. The distance in the switching criterion is δ∗ = 2h. The initial notches are
modeled by diffuse cracks and Ωtips is the union of elements that contain them.
In this case, the initial cracks coalesce, completely splitting the beam at a single load step, as can
be seen in the load-displacement curve in Figure 24. Figure 25 shows the final geometry at load step
uD = 0.0645 mm. The sharp crack is a twisted surface to match the initial notches, defined by triangular
facets. Considering a sharp representation of the crack enables to completely separate the two resulting
pieces.
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Figure 24: Twisting test. Load-displacement curve. The piece completely breaks at uD = 0.0645 mm.
Figure 25: Twisting test. Geometry of the piece at imposed displacement uD = 0.0645 mm. The initial
beam breaks into two independent and symmetric halves.
23
9 Conclusions
We propose a novel method to simulate fracture which is based on combining a phase-field model in
small subdomains around crack tips, Ωtips, and a discontinuous model in the rest of the domain, Ωxfem.
The approach overcomes the limitations of both continuous and discontinuous models. Propagation is
described by the phase-field solution in Ωtips, while an XFEM approximation explicitly describes the crack
opening and enables to use a coarser discretization in almost the whole domain. In all examples, a correct
definition of the initial partition in Ωtips and Ωxfem is crucial to detect crack inception.
Computationally, the same background mesh is used during the whole simulation. Refined elements
are nested in Ωtips to capture the phase-field solution and the sharp cracks are introduced via XFEM. The
discretization is automatically updated as cracks propagate and remeshing is avoided. Nitche’s method
is used to impose continuity of displacements in weak form to mantain a very local refinement with no
transitioning elements.
The robustness of the strategy has been proved in 2D and 3D, including scenarios with branching and
coalescence. The obtained results are comparable to the ones from a plain phase-field approach, but with
an important reduction in the number of degrees of freedom. Also, the response of the pieces in the linear
elastic regime is more realistic and transmission of forces across cracks is prevented. The methodology is
an efficient alternative for fracture simulation.
Further investigation would include enhancing the method by incorporating contact conditions into
the XFEM formulation and by exploring other alternatives for the geometrical description of sharp cracks.
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